The objective of this research paper is to show how the Brennan's conjecture becomes a useful tool to construct a holomorphic function on the cardioid domain Ω, where φ ′ (0) = 0, for 0 < µ = 1 n 2 ≤ 1, n ∈ N and another belongs to Hardy space H 2nπ−θ nπ (D), n ∈ N, on the boundary of unit disk. Moreover, we have addressed some applications on the existance of cusp on the boundary of arising from integrability of conformal maps through one of the polar functions in the general solution of Laplace equation.
Introduction
Let φ be a conformal mapping defined on the unit disk D onto non-empty open subset of C(simply connected domain Ω). It is obvious and known that we may suppose condition in order to constract a conformal map φ, but sometime we have to be aware when the boundary ∂Ω of Ω is deformated (irregular) with expecting to have rough behaviour even if φ can be extended continously to ∂D.
The radial limit is a good tool to study of the function behaviour on the boundary of given domain that is why P. L. Duren [6] shown that the radial limit in Hardy spaces theory lim 204 S. S. Alhily and Deepmala and bounded in D exists and is finite, for almost all points on ∂D, but the radial limit of the derivative of a meromorphic function and bounded in D fails to exist and be finite. On the other hand, the conformal image of a ( measurable) subset A has the area area φ(A) = A |φ ′ (z)| 2 dxdy, so, it is natural to address also the integral means of |φ ′ | p along circles |z| = r, where φ is the conformal mapping and p is a real parameter to obtain measure of the overall size of |φ|, as follows:
where dθ is the angular measure |dz| r . The growth of the integral means of the derivative φ ′ (re iθ ), where z = re iθ , is related with Hardy spaces in case φ(z) is an holomorphic function in the unit disc {z = re iθ : |z| < 1}, univalent or not. Now, it has become necessary to address Brennan's conjecture in our work which is formulated as an estimate for conformal maps ψ : Ω → D,
(1.2) for 4 3 < p < 4. Changing the variables will offer us the possibility to write (1.2) in terms of ψ −1 = φ :
Brennan [2] , introduces an interesting result about increasing of upper bound to 3 + τ by using a harmonic measure argument of Carleson. Pommerenke [13] shows that (1.3) holds for 3 4 < p < 3.399. In this aspect, we refer to read [12] , [4] , [5] . Our work, is in part an elaboration of P. Hajlasz's idea,when he constructed a bounded domain Ω ⊂ R 2 with the cone property and proved that u(z) = ℑ(z −1/2 + i 2 ) is a harmonic function in Ω and belong to W 1,p 0 (Ω) for all 1 ≤ p < 4 3 , and shown that the Dirichlet problem for the Laplace equation cannot be in general solved with the boundary data in W 1,p (Ω), for all p < 4. Therefore, we consider Laplace's equation with Dirichlet conditions to exist of cusp on the boundary of cardioid domain arising from integrability of conformal maps through one of the polar functions in the general solution of Laplace equation. Moreover, we proved that there is an holomorphic function defined on the boundary of cardioid domain when φ ′ (0) = 0, for 0 < µ = 1 n 2 ≤ 1, n ∈ N and another belongs to Hardy space H 2nπ−θ nπ (D), n ∈ N, on the boundary of unit disk, which is largely related to some results obtained by D. Khavinson [3, 7] . In this stage, we must refer reference [17] , [18] ,and [10] , [11] , which cover basic concept about this topic.
Main Results on the Existence of a cusp on the boundary of cardioid domain
Here are some specific concepts and techniques would be uesful in the following: [9] Let Ω ⊂ R n be a simply connected domain. Fix point z = 0 in Ω and let ∂Ω be the boundary of Ω, let γ in Ω be defined as a simple Jordan arc which divides Ω into two subdomains.
, a sequence of γ n in the given domain Ω, be called a chain, if it satisfies all the following conditions :
i) The diameter of γ n tends to zero as n → ∞.
ii) for each n the intersection γ n ∩ γ n+1 is empty.
iii) any path connecting z = 0 in Ω with arc γ n for all n > 1 intersects with arc γ n−1 .
Moreover, any two chains K = (γ n ) and K ′ = (γ 
Hence, if φ maps the unit disk onto the domain Ω, this will induce a one-to-one mapping between the points on the unit circle and the prime ends of Ω. That is, there may exist another point ζ ′ ∈ ∂D with φ(ζ ′ ) = φ(ζ) where there may be a corner of opening πα ′ or none at all. Also, if α = 1 then we obtain a tangent of direction angle γ. If α = 0, then we will obtain an outward-pointing cusp, and if α = 2, we will get an inward-pointing cusp.
Let φ maps D conformally onto the bounded domain Ω ⊂ C. Then the following four conditions are equivalent:
iii) ∂Ω is locally connected; iv) C\Ω is locally connected.
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The main result reads as follows:
Consider the two-dimentional Laplace equation in polar coordinates (r, θ)
Let us start with the general solution of the Laplace equation under polar coordinates (r, θ) [15] as follows:
to be zero on the boundary of Ω, where r = (sin √ µθ)
1 √ µ , then the integrability Ω |∇u| p dxdy depends on the local behaviour at a point e iθ ∈ ∂Ω as follows:
Then,
It is clear that all the values of p depend on µ, which in turn depend on the condition
Calculate the tangent vector for the function r = φ(θ) in equation (2.8), by using the formula below:
Suppose, tan θ = 0 at θ = π √ µ , then π √ µ = 0, π, 2π, . . . = nπ , n ∈ N, and it gives that
Consequently, we deduce that
Hence, we can classify this result, depending on n as follows:i) In case, n = 2 then |∇u| ∈ L p (Ω) for all p < 4 3 and u(r, θ) vanishes on ∂Ω except the discontinuity point z = 0.
ii) In case, n ≥ 3 then |∇u| ∈ L p (Ω) for all p < 2 √ µ+1 , and u vanishes on ∂Ω except some inward cusps at the neighborhoods of z = 0.
iii) According to the above, the harmonic function u = r − √ µ sin √ µθ − 1 in Ω, belongs to W 1,p (Ω) for all p < 2 √ µ+1 , where µ = 1 n 2 , n ∈ N, that is, u = 0 on ∂Ω for r = (sin √ µθ)
1 √ µ and we deduce that when we approach the vertex of the cusp z = 0 along the boundary of Ω we will have zero limit, whereas if we properly approach the vertex of the cusp z = 0 from the interior of Ω we will have
For this we can say that u = 0 on the boundary of a given domain except at discontinuity point z = 0.
Likewise, it can be carried out along the same lines for another harmonic function in the general solution of Laplace equation which is:
In order to derive more information about the existence of inward-pointing cusp on the boundary of Ω at the point z = 0 and its neighborhoods, see figure (2.1) and table (1) below. 
inward-pointing cusp at the neighborhood of z = (r, θ) = 0 3 
At this stage, we consider n / ∈ N for example, then
However there is no inward-pointing cusp on the boundary of Ω, that is, we have outward-pointing cusp on the boundary of Ω. For instance, let n =
Calculating the tangent vector for the function r = φ(θ) as follows: 
Generating an holomorphic function on cardioid domain, unit disk
In this part in our work we are so keen to show how can be generated a holomorphic function on the cardioid domain Ω by a harmonic function defined on Ω, and vanishes on the boundary of Ω, and another on the unit disk by holomorphic function belongs to Smirnov domain (cardioid type), which is settled in Theorems 3.1 and 3.4. This polar function will generate a cardioid domain when n = 2. Apply Fouier expanson to the function
We obtain that We know that f Now, we need to apply Cauchy's formula which is related to Gmma function 2 Put ρ = 2n and β = 2k, to obtain
, for k = 0, 1, 2, . . . 
We notice that cos 2n θ n = r 2 by equation (3.4) and
n . And hence, there exists function defined on the boundary of unit disk ∂D in ζ-plane, which is
such that e iα = cos(α) + i sin(α) = η + iξ = ζ., that is 
.
It is clear that φ is holomorphic function at z = 0 whose derivative exists and is continuous at z = 0, such that φ ′ (0) = 0 for 0 < n ≤ 1. However on the other hand, φ(z) is not holomorphic at z = 0 for 1 < n ≤ 2, because φ ′ (z) at z = 0 does not exist.
Before moving on to a new theorem, we need just a little more background about Smirnov classes and M.Keldysh, M. Lavrentyev Theorem. Let Ω be a domain bounded by a curve that is real holomorphic except at the point z 0 where it has a corner with interior angle θ. If nπ < θ ≤ (n + 1)π, n ∈ N, then for all p ≥ 2 − θ nπ , n ∈ N every f (z) ∈ E p (Ω), generates an holomorphic function on unit disk D does not have poles on ∂D = T such that H 2nπ−θ nπ (D) ⊆ E p (Ω).
Proof. Consider a simply connected domain Ω ⊂ C, bounded by a Jordan rectifiable curve γ, let φ(w) = (1 − w) 2 : D → Ω be a conformal mapping of the unit disk D onto Ω ( cardioid type). Assume that there is a function F (w) = i 1−w 1+w which maps unit disk onto the upper-half plane H + .
So, there is a function f (φ(w)) = F (φ −1 (z)) which maps Ω( cardioid type) onto upper-half plane H + , where φ −1 (z) = w.
Given nπ < θ ≤ (n + 1)π, that is, 1 < θ nπ ≤ 1 + 1 n where n ∈ N. We will start to show that in such Ω there exists a function f (z) ∈ E p (Ω) with real boundary values for some values of p.
